We derive the exact law for three-dimensional (3D) homogeneous compressible isothermal Hall magnetohydrodynamics (CHMHD) turbulence, without the assumption of isotropy. The Hall current is shown to introduce new flux and sources terms that act at the small scales (comparable or smaller than the ion skin depth) to significantly impact the turbulence dynamics. The new law provides an accurate means to estimate for the first time the energy cascade rate over a broad range of scales covering the MHD inertial range and the sub-ion dispersive range in 3D numerical simulations and in situ spacecraft observations of compressible turbulence. This work is particularly relevant to astrophysical flows in which small scale density fluctuations cannot be ignored such as the solar wind, planetary magnetospheres and the interstellar medium (ISM).
Introduction. Fully developed plasma turbulence theories are crucial to understand astrophysical flows that include the solar wind, the ISM and accretion flows [see, e.g. [1] [2] [3] . Due to the complexity and randomness of turbulent flows, exact mathematical results about turbulence are very few in the literature. The most important one that was derived for homogeneous incompressible magnetohydrodynamics (MHD) turbulence is the socalled 4/3 law. It relates the turbulent fluctuations at given scale ℓ to the rate by which energy (or other invariants of motion) is dissipated into the system [4] [5] [6] . This exact law has been widely used to quantify the energy cascade rate in solar wind turbulence [7] [8] [9] [10] , to predict the decay of MHD turbulence [11] and to determine scaling exponents in measurements and numerical simulations of turbulence through the extended self-similarity (ESS) method [12, 13] . However, those works are only valid for incompressible flows and limited to the MHD scales, and therefore ignore the role of density fluctuations and do not capture any small scale effect. By small scale effects we refer to the terms in the generalized Ohm' law that allow one to describe time and spatial scales that are comparable or smaller than the ion gyro-period and skin depth d i = c/ω pi (with c is the speed of light and ω pi is the ion plasma frequency). At those scales the MHD description breaks down, and the first-order correction that can be considered in a fluid description of plasmas is the so-called Hall current, yielding the Hall MHD (HMHD) model [see, e.g. 14]. While this model remains incomplete, at least because it ignores kinetic effects such as the Landau of the cyclotron resonances, it does however provide a useful framework to investigate fundamental features of sub-ion scale plasma dynamics [8, [15] [16] [17] [18] [19] [20] .
Another improvement to the existing exact law models that needs to be achieved is to include density fluctuations δn. Indeed, while compressible fluctuations in the solar wind are generally weak (δn/n ∼ 10% − 20%) and represent only a small fraction of the total MHD fluctuations, which are essentially incompressible and Alfvénic [21] [22] [23] , other astrophysical media, e.g. planetary magnetosheaths and the ISM, exhibit higher plasma compressibility (δn/n ∼ 50%− 100%) [23] [24] [25] [26] . Moreover, even in the solar wind, the incompressibility assumption can totally fail to describe sub-ion scales physics. This is because Alfvén wave turbulence, which is incompressible at MHD scales, transitions into Kinetic Alfvénic Wave (KAW) turbulence in the sub-ion scales where density (and pressure) fluctuations become important and couple to the increasing parallel magnetic fluctuations as the energy cascade approaches the ion scales [27] [28] [29] [30] . Since KAW turbulence is thought to be the main channel by which energy flows into the sub-ion scales [18, 28, 29, 31, 32] , it is important to develop theoretical models that incorporate density fluctuations as an essential ingredient of turbulence. Recently a significant step has been achieved by deriving exact law for compressible isothermal MHD turbulence (CMHD) [33] . This model has been applied to in situ spacecraft data in the fast and slow solar wind and in the terrestrial magnetosheath to investigate the role of density fluctuations in the turbulence dynamics at the MHD scales. In particular, it has been shown that plasma compressibility enhances both the energy cascade rate and the turbulence anisotropy with respect to the incompressible model [22, 23, 34] . This provided new clues to explain the longstanding problem of the solar wind heating [33, 35] . However, the role of density fluctuations in the sub-ion scales remains unexplored because of the lack of similar exact models that cover those small scales.
In the present Letter, using the full three-dimensional (3D) compressible Hall MHD (CHMHD) set of equations, we derive an exact law for fully developed homogeneous isothermal turbulence. The law considers three important aspects of turbulence that should fill existing gaps in the current fluid models of compressible turbulence in magnetized plasmas: density fluctuations, the Hall current that controls some of the physics at sub-ion scales and spatial anisotropy due to the mean magnetic field. The new exact law derived here provides for the first time a robust means to compute the amount of the total (compressible) energy that sinks from the MHD inertial range into the sub-ion scales where it is eventually dissipated.
Compressible Hall MHD model. The 3D CHMHD equations correspond to the momentum equation for the velocity field u, the induction equation for the magnetic field B and the continuity equation for the scalar density ρ. In addition to that, we consider the differential Gauss's law and the divergence-less equation for the current density J = (c/4π)∇ × B. Alternatively to B and J, we will use the compressible Alfvén velocity u A ≡ B/ √ 4πρ and the compressible electric density J c ≡ J/ρ. Therefore, the CHMHD set of equations can be cast as,
where we have defined the dimensionless ion inertial
where L 0 is a characteristic length scale, the pressure P = c 2 s ρ for an isothermal plasma with a constant sound speed c s , the magnetic pressure P M ≡ ρu 2 A /2, the large-scale kinetic forcing F k and the kinetic and magnetic dissipative small-scales terms D k,m , respectively.
Exact law derivation. Similarly to CMHD [36] , the total energy is one of the ideal invariants of the CHMHD model, since we are considering a two-fluid description with massless electrons [19] . The total energy can be cast as,
where we have introduced the internal compressible energy for an isothermal plasma e = c 2 s log(ρ/ρ 0 ), with ρ 0 a reference density value [see, e.g. 37]. On the other hand, the two-point correlation function associated with the total energy is,
where the prime denotes field evaluation at x ′ = x+ℓ (being ℓ the displacement vector) and the angular bracket · denotes an ensemble average. Under the homogeneity assumption, the correlation functions depends only on the displacement vector ℓ [38] . For the exact law derivation, a dynamical equation for the correlator R E + R ′ E is essential, since it is for this particular correlator that we can derive an exact law for fully developed homogeneous turbulence [36, 39] . Using Eqs. (1)-(5) (evaluated both at points x and x ′ ) and basic vector algebra properties, it is possible to calculate each term of
where we have defined the dissipation and forcing correlation functions as,
The smallscale contributions to this derivation come from the terms proportional to λ.
Assuming homogeneous turbulence [38, 40] , i.e. ∇ ′ · ( ) = ∇ ℓ · , ∇ · ( ) = −∇ ℓ · and α = α ′ (with α any scalar function) and using relations (8)-(10), the dynamical equation for R E + R ′ E can be cast as (see Supplemental Material),
where
is the densityweighted cross-helicity. The two-point correlation functions associated with magnetic energy and the densityweighted cross helicity are
, respectively. We have also introduced the usual increment δα ≡ α ′ − α and the local mean valueᾱ ≡ (α ′ + α)/2.
Fully developed turbulence. To obtain the exact law valid in the inertial range, we adopted the usual assumption for fully developed turbulence, where an asymptotic stationary state is expected to be reached [39, 40] . Assuming an infinite (kinetic and magnetic) Reynolds number with a statistical balance between forcing and dissipation, from Eq. (11) we obtain the exact law for CHMHD turbulence as,
where ε is the energy cascade (or dissipation) rate. Eq. (12) is the main result of the present Letter. This equation gives an exact relation for fully developed homogeneous CMHD turbulence that is valid in the MHD inertial range and the sub-ion scales. It generalizes previous exact results [33, 36, 40] by including plasma compressibility, spatial anisotropy and the Hall effect. Eq. (12) gives an accurate mathematical means that can be used to estimate the energy cascade rate of turbulence over a broad range of scales in the inertial and sub-ion (dispersive) ranges without the assumption of isotropy.
Discussion. The exact law (12) provides a result that should hold as long as the energy injection rate balances the energy dissipation rate in CHMHD turbulence. In other words, Eq. (12) only requires that dissipation terms gets off all the power injected by the forcing terms. In a compact form, expression (12) can be sketched as,
where the terms with the superscript MHD are those present in the exact law for CMHD turbulence [33, 36] , while the terms with the superscript HMHD represent the new small-scale contributions due to the Hall effect.
It is worth mentioning that we recover here the four types of terms reported recently in Andrés and Sahraoui [36] for CMHD turbulence (see Supplemental Material for details). The flux terms F MHD , which can be written as the local divergence of increments, correspond to the nonlinear cascade of energy across different scales [see, e.g. 41] . The source terms S MHD are proportional to the global divergence of the fields u and u A , and are related to the dilatation (or contraction) of the plasma. The hybrid terms S MHD H can be considered as source-or fluxlike terms, while the β-dependent terms M MHD β cannot a priori be transformed into flux or source terms. We emphasize that the β-dependent terms are a direct consequence of the gradients of the magnetic pressure in the plasma, and thus have no analogs in hydrodynamic (HD) equations [see, 36] . Finally, the Hall term brings two new small-scale contributions that are related to ∇ · u A and ∇ · J c , and a third flux-like term proportional to λ that cannot be written as a function of increments [see 39, 40] . The Hall effect does not give rise to any hybrid or β-dependent contribution in the exact law (12) .
Several known results can be recovered here as particular limits of Eq. (12) . For spatial scales much larger than the ion inertial length (i.e., λ << 1), assuming that kinetic and magnetic fluctuations are of the same order, the terms proportional to λ can be neglected and Eq. (12) reduces to the CMHD exact law previously reported in the literature [33, 36] . Furthermore, in the hydrodynamic limit, i.e., u A = 0, we recover the compressible HD exact result for an isothermal plasma turbulence [40] . Galtier [42] derived the exact law for incompressible HMHD (IHMHD) turbulence, assuming homogeneity and isotropy. Using the velocity, magnetic and electric current fields, his exact result provided a double scaling relation for large and intermediate scales in the inertial range. Taking the incompressibility limit in Eq. (13), the source, hybrid and β-dependent terms tend to zero. Furthermore, F MHD tends to the well known incompressible Yaglom term [43] and the new small-scale contribution reduces to,
where we have used ∇·(J×B)×B ′ = ∇ ′ ·(J ′ ×B ′ )×B thanks to the isotropy assumption [see 40]. Expression (14) is the Hall contribution to Eq. (52) in Galtier [42] for fully developed IHMHD.
Summary. In the study of turbulent flows, exact laws provide an essential tool to analyze and understand the nonlinear cascade of energy. The exact law (12) generalized previous exact results, when small-scale effects and compressibility are take into account in the description, and when the isotropy assumption is relaxed. The new exact law (12) can be used to verify, in numerical simulations and spacecraft observations, whether a given range of scales is inertial or dissipative [17, 18, 44] since the law must hold in the inertial range (far away from the energy injection or dissipative scales). Furthermore, the law can also be used to estimate the energy cascade rate of turbulence over a broad range of scales that span both the inertial and sub-ion (dispersive) ranges without the assumption of isotropy. This work is very timely in particular because of the availability of in situ spacecraft data from the recently launched multispacecraft NASA/MMS (Magnetospheric MultiScale) mission [45] , which provides us with unprecedented high time resolution of the plasma data. The MMS data should allow us to measure all the terms involved in Eq. (12), including those involving the electric current, with a sufficient time resolution to probe into the sub-ion scales. If the total cascade rate that would be estimated from spacecraft data can be split into two distinct contributions coming from the MHD and sub-ion scales, i.e. ε MHD and ε HMHD , respectively, then the difference between the two energy fluxes δε = ε MHD − ε HMHD should provide a first estimation of the energy that is dissipated into ion heating regardless of the actual kinetic process involved in the dissipation. The present results and their expected applications are likely to bring new constraints on the actual theoretical models of sub-ion scale compressible turbulence in magnetized plasmas.
